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Synopsis 

A general kinetic scheme for the polycondensation step of the PET formation has been used to 
establish the mole balance equations of various functional groups in batch reactors. An objective 
function has been defined which aims to attain a desired degree of polymerization in the shortest 
time, has a specified level of diethylene glycol group content, and minimizes the other side products. 
Using the control vector iteration procedure, an optimum temperature profile has been calculated. 
The computations suggest that a high temperature should be used initially which must be lowered 
as the time of reaction increases for limiting the formation of side products. 

INTRODUCTION 

Industrially, fiber, grade polyethylene terephthalate (PET) can be prepared 
either starting from dimethyl terephthalate (DMT) or terephthalic acid raw 
materials.l12 When the former is used, DMT is mixed with ethylene glycol and 
reacted in three stages to obtain the final polymer. In the first stage, the reaction 
of DMT with ethylene glycol yields mostly bis(hydroxyethy1) terephthalate 
(BHET)3-6 which is further polymerized up to about 90% conversion in the 
second stage (which is sometimes called the polycondensation ~tage).~-ll  The 
last stage of polymerization is controlled by the rate of mass transfer of ethylene 
glycol from the reaction mass and is carried out in special wiped film reac- 
tors.12-15 

The first stage polymerization has been modeled in terms of reaction between 
functional groups and the main reactions have been shown to consist of ester 
interchange, transesterification, and polycondensation reactions which can be 
written as follows: 

Ester interchange: 

Transesterification: 
kz 

kzlKz 
E, + Em +Z + M 

Polycondensat ion: 
k3 

k d K 3  
E, + E g d Z  + G 

* To whom correspondence should be addressed. 
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where Em and E, are the methyl ester and alcohol functional groups as explained 
in Table I and Z is a reacted bond. m and g stand for a molecule of methanol and 
ethylene glycol respectively. Since the feed to the polycondensation stage 
(second stage) is BHET, the first two reactions above do not occur, and the chain 
growth in this step occurs only by reaction (3). 

In PET formation in the first as well as the second stage, the formation of side 
products is small, but they determine the ultimate properties of the polymer. 
This implies that the various side reactions which account for their formation 
cannot be ignored in any realistic simulation. The overall mechanism of the 
polycondensation stage has been given in Table I in which the formation of di- 
ethylene glycol (reactions 3a and b), acid end groups (reactions 2,4a, and 4b) and 
vinyl end groups (reactions 5a and b) have been included. 

In our earlier work,6 we have carried out the optimization of the first stage of 
PET formation. In this, the objective function was defined to consist of maxi- 
mizing the conversion of methyl ester groups Em and simultaneously minimizing 
the side products E, and E,. It has been found that excess of diethylene glycol 
(EDT) in the final product is undesirable because it lowers the melting point of 
the PET fibers; however, some amount of it (say D*) is necessary because it 
improves the dyeability of the polymer. Instead of posing this as a mini-max 
problem with constraints, the objective function was proposed to be 

(4) 

where a1 and a2 are the two weighting parameters, and, by suitably adjusting 
the latter, the total diethylene glycol content could be forced as close to D* as 
one wished. We calculated optimal temperature profiles using eq. (4), and our 
study suggested the use of high temperatures initially to obtain high conversion 
of Em initially but lower temperatures in the final phases to minimize the side 
product formation. High temperatures initially can either be obtained by using 
high pressures (about 3 atm) or use of inerts having high boiling points. In some 
patents,lJ6 the mixing of PET oligomers formed in the second stage have been 
mentioned to obtain such high temperatures. 

There have been very few studies on the optimization of the polycondensation 
step of the PET reactors. Ravindranath and Mashelkar8 have carried out the 
reactor simulation and have observed that an arbitrarily increasing temperature 
history gives a better reactor performance compared to an isothermal one. In 
their work, they have recognized the need of a systematic study on the optimi- 
zation of the polycondensation step of the PET reactors. 

In this work we have undertaken to optimize the polycondensation stage of 
PET formation or a given reactor residence time (industrial reactors usually have 
2 h as residence time8). We have proposed a meaningful objective function for 
this stage and have found the optimum temperature profiles under various 
polymerizing conditions using the control vector iteration method. To reduce 
the memory space required, the entire temperature profile has been approxi- 
mated by 100 piecewise continuous segments and the choice of temperature is 
constrained to lie between upper and lower bounds. The results of optimization 
once again suggest that high temperatures should be used initially and lower 
temperatures subsequently to minimize the formation of side products. Rav- 
indranath and Mashelkd point out that it is common industrial practice to have 
the reactor residence time as 2 h and vary the temperature and pressure of the 

minimize [a1[Em]' + ~ ~ { [ ( E D T ]  - D*)' + [EJ' + [EV]')] 
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polycondensation reactors instead of operating them at constant temperature 
and pressure. They find the following profiles to give better reactor perfor- 
mance: 

t = 290 - 50 e-1.2e ( 5 4  

Pt = 760(e-1.8587e + 1.77602 - 1.2527002) (5b) 

where t is the temperature ("C), PT the total pressure (mm Hg), and 0 the resi- 
dence time of the reactor (h). According to these workers, the temperature 
should be increased from 240°C to 285°C at the end of 2 h whereas the pressure 
should be reduced from 760 mm Hg to 1 mm Hg in the same duration of time. 
These profiles are chosen to avoid the flashing of BHET, which ultimately con- 
denses in the vacuum lines. To avoid this, it is suggested that some inert material 
of high boiling point (for example, oligomers of PET formed at  the end of the 
second stage as done for the first stage) be mixed with the BHET raw material 
before feeding it to the reactor. 

and 

RATES OF FORMATION OF THE VARIOUS SPECIES 

For the mechanism of polymerization given in Table I, mole balance equations 
for various species in a batch reactor can be easily derived and are summarized 
in Table 11. The activation energies and the frequency factors of various rate 
constants appearing in Table I and I1 are given in Table 111. In the same table 
equilibrium constants have also been given, and these are found to be indepen- 
dent of temperature. The rate of formation of reacted bonds Z can also be de- 
rived from the reaction mechanism and is given by 

-- d'Z1 - R3 + Rg - R9 + RlO 
dt 

where the R's above are defined in Table 11. By adding eqs. (2.1)-(2.4) of Table 
11, one has 

d[Z] 1 d 
dt 2 d t  

__ - _ _  - ([Egl + [Ec1-+ [E"1 (7) 

which on integration gives [Z] at  any time as 

[ZI = 1/2wg10 - ([Egl + [Eel + [E"I)) (8) 

The polycondensation reactors are usually subjected to vacuum and the mole 
balance relations for condensation products can be derived as 

-- d[W1 - R7 + R8 - Qw(t) 
dt 
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TABLE I 
Reaction Mechanism for the Polycondensation Stagea 

.Main reaction 
3 

(1) E g + E g t - - Z + G  
k3lK3 

Important side reactions 
(2) Acetaldehyde formation 

k4 
E,+E,+A 

(3) Diethylene glycol formation 
k5 

(a) E , + G + E , + D  

k6 
(b) E,+E,+E,+ED 

(4) Water formation 

(a) E, + G & E ~  + w 
k d K 4  

(b) E,+E,&Z+W 
ksIK5 

( 5 )  Vinyl group formation 
k 9  

(a) Z+E,+E,  

(b) E, + E,+Z + A 
k3  

0 

a A: CH,CHO; D: OHCH2CH20CH2CH20H; E,: ---@!+-OH; 

where Q G ( ~ ) ,  Qw(t) ,  and Q*(t) are the molar flow rates of ethylene glycol, water, 
and acetaldehyde, respectively, in the vapor leaving the reactor, On examining 
the reaction mechanism of Table I and eqs. (2.1) and (2.6) of Table 11, it can be 
inferred that the rate of depletion of E, is the highest when the concentration 
of ethylene glycol in the reaction mass is zero. Since Rs [eq. (2.6) of Table 11) 
is found to decrease linearly as [GI is increased, it implies that the reactor pressure 
should be such that the [GI in the reaction mass should be zero. Under such 
operating conditions, [W] as well as [A] in the reaction mass should also be zero 
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TABLE I1 
Rates of Formation of Various Functional Groups in the Polycondensation Stage 

-= d[EDT1 Rs+Rg 
d t  (2.4) 

(2.5) 

(2.10) 

(2.11) 

because water and acetaldehyde have considerably higher vapour pressures 
compared to ethylene glycol. To maintain [GI, [W], and [A], QG, Qw, and QA 
in eqs. (9)-(11) should be equal to the rates of their accumulation 

and 

d [WI - 0  
dt 

-- - 0  d [A1 
dt 

FORMULATION OF THE OPTIMIZATION PROBLEM OF 
POLYCONDENSATION REACTORS 

For a given residence time and pressure of the reactor, the temperature remains 
as the only variable that can be chosen arbitrarily. Usually the polymerization 
must be carried up to a certain molecular weight, p,d, such that the overall re- 
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action remains in the reaction-controlled region. Beyond p n d ,  the rate limiting 
step in the polymerization is the removal of the condensation product, and it is 
more efficient to carry the polymerization in wiped-film reactors.14J6 It  is 
therefore desired that the temperature history be chosen such that the average 
molecular weight, pn, of the polymer formed approaches p n d ,  simultaneously 
minimizing the side products, [E,] and [E,], in the reaction mass. It has been 
argued earlier that some amount of diethylene glycol (D*) is desirable. The 
objective function, I ,  that would attempt to achieve these in the best manner can 
be written as 

p n d )  2 
minimize I = a1 I ( [EDT] - D*) I + 

Ray17 and Ray and Szekely18 observe that this form of the objective function 
would achieve the desired average molecular weight, p n d ,  in the shortest time, 
even though the reactor residence time t f  in this formulation is assumed to be 
constant. This means that once the desired goal is achieved (in t < t f )  there are 
very small changes in the reaction mass after this time. Therefore, the choice 
of the objective function given in eq. (13) gives the minimum desired tf. Our 
computation results on the polycondensation reactor show exactly this, and, this 
way, it leads to saving of considerable computational time. 

An objective function of the form written in eq. (13) allows a considerable 
flexibility in the optimal design of the reactor. It would bring the average chain 
length of the polymer and [EDT] close to (but not necessarily equal to) the desired 
values, simultaneously minimizing [E,] and [E,]. In actual practice, a small 
deviation in pn and [EDT] can always be tolerated without jeopardizing the 
physical properties of the polymer, at  least in the design of new reactors when 
a greater degree of flexibility is available. 

The Hamiltonian H can now be written as 

+ X i  (-2R3- R4 - R:, - R6 + R7 - Rg - Rlo) 
+ Xz(R4 + R5 + R6 + R7 - Rg + R9) + X3(R5 + RG) + X4(R9 - Rlo) (14) 

where A 4 4  are the adjoint variables which are time-dependent only and are 
determined by 
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TABLE IV 
Equations Governing Adjoint Variables 

Their final values are given by 

A,(t,) = a1 (16a) 

Mt,) = A,(t,) = A,(t,) = 0 (16b) 
Equations governing the adjoint variables have been derived, and the results 
are summarized in Table IV. 

COMPUTATIONAL SCHEME 

In obtaining the optimal temperature profiles, the temperature is constrained 

(17) 

to lie between upper and lower limits 

450°K < T < 650°K 

The control vector iteration procedure has been used to obtain the optimum 
temperature history. In this, one assumes a temperature profile T&), integrates 
the state variable equations (Table 11) forward in time, integrates adjoint variable 
equations (Table IV) reverse in time, and finally corrects the old profile according 
to 
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45 
0 0.5 1-0 1.5 2.0 

timo, hrs 

Fig. 1. Optimum temperature profiles for various guess temperatures for a1 = 1000, a2 = 1, and 
a3 = 0.5. 

where E is assumed to be independent of time t .  This completes one iteration 
of computation. At  the optimum, one would have 

dH _ -  
dT-O 

in the unconstrained regions, which means that the change in temperature profile 
would not occur when the optimum is reached. 

Several methods for chosing E have been suggested in the literature. The one 
used by us19 is a slight modification of the method suggested by Ray and 
Szekely.17J8 Several E values were suggested, thus generating different tem- 
perature profiles, and, after an iteration, the state variable equations are inte- 
grated forward in time and the value of the objective function calculated. The 
approximate value of E which gives the lowest value of I is selected by inspection, 
and the next iteration is carried out for this value of E and the corresponding 
temperature profile calculated using eq. (18). Our procedure requires an iterative 
computer terminal to be able to feed in the values of E at each iteration. This 
procedure was needed to be adopted for this problem because the method of 
fitting a quadratic function6J7J8 to the I vs. E plots lead to severe numerical in- 
stabilities. Also our method was found to be considerably more rapid than that 
suggested by DennFO which does not require an interactive computer terminal. 
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Fig. 2. The optimum values of the objective function at various iterations for various guess tem- 
peratures for a1 = 1000, a2 = 1, a3 = 0.5. Curve @ stands for the initial guess as 490°K, curve @ 
for the initial guess as 510°K, curve @ for the initial guess as 530"K, and curve @for the initial guess 
as 550OK. 

To check our computer program, we calculated the optimum temperature 
profile for a batch reactor carrying out the following reaction, 

and it matched the ones given in Refs. 17 and 18. In addition to this, we calcu- 
lated the stoichiometric balance and found our results consistent. 

A - B - C  

RESULTS AND DISCUSSION 

The initial guess of temperature profile was given to be an isothermal one. It 
takes about 4 min of computation time on a DEC 1090 computer to find the op- 
timum temperature profile. For al = 1, a:! = 1000, and a 3  = 0.5, and initial 
isothermal guess temperatures as 490"K, 510"K, 530°K and 550"K, the optimal 
temperature profiles have been calculated and plotted in Figure 1. The initial 
portions of the profile are about the same for all, but the subsequent slow fall 
of temperature for the various initial guesses are found to be different. It may 
also be observed that the end of the temperature profiles (i.e., T a t  time t,) ap- 
pears to converges to the initial guess temperature. This indicates that for the 
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values of a1, az, and a3 chosen for these runs, the integral part of the objective 
function in eq. (13) dominates over its nonintegral part. In the vector iteration 
procedure, (bHIdT)  near tf remains close to zero and while calculating the new 
temperature profile using eq. (18), the end temperature is found to change neg- 
ligibly from the initial guess value. In Figure 2, the change in the values of the 
objective function with various iterations for different guess temperatures have 
been given, and it is found that, for the four temperature profiles of Figure 1, the 
optimum values of the objective functions are almost identical. This result is 
consistent with observations made by Ray18 that the convergence of the vector 
iteration procedure is considerably slowed down as the optimum is approached, 
even though the optimum value of the objective function is accurately found. 
Results of Figures 1 and 2 confirm that the trend of the optimum temperature 
profile is conserved for various initial guesses, even though there is a slight un- 
certainity in the exact numerical values of the optimum temperature. 

To examine the effects of the weighting factors a1, az, and a3, the initial 
temperature has been taken as 520°K (isothermal). The value Of  Pnd in eq. (13) 
has been taken as 10 which means that the 90% conversion of E, groups is desired. 
Generally, the polycondensation reactors are subjected to high vacuum so as to 
drive the polymerization in the forward direction. It is therefore expected that 
the ethylene glycol content of the reaction mass in practice must be small. We 
have already discussed earlier that, at  the optimum, it should be zero. Since the 
overall polymerization in the polycondensation reactors is reaction con- 
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Time, hrs 

Fig. 4. Concentration of total diethylene glycol for optimum temperature profiles given in 
Figure 3. 

t r ~ l l e d P . ~ ~ ~ ' ~  it would imply that the removal of ethylene glycol from the reaction 
mass is a fast process. Therefore, without loss of any generality, the entire re- 
action mass can be assumed to be at  some constant concentration of ethylene 
glycol given by the vapor liquid equilibrium existing at  the reactor pressure and 
temperature. In this study, [GI has been assumed to be a constant equal to 0.001. 
In our earlier studies on the simulation of polycondensation r e a ~ t o r s , ~ ' l J ~  it 
has been shown that the overall reaction is very close to irreversible polymer- 
ization at  this value of [GI. 

The effect of variation of a1 has been examined in Figures 3-6 and Table V. 
As a1 is increased from 1000 to 100,0oO, the diethylene glycol content in the final 

TABLE V 
Effect of Variation of a1 on the Optimum Temperature Profiles, Conversion, and Side Product 

Formation 

No. ffl Conversion % DEG % E, % % %  

1 1000.0 90.11 0.220 5.34 0.0371 
2 5000.0 89.90 0.211 5.23 0.0346 
3 10,000.0 89.80 0.205 5.15 0.0329 
4 20,000.0 89.60 0.195 5.00 0.0307 
5 50,000.0 89.10 0.172 4.70 0.0248 
6 100.000.0 88.40 0.147 4.33 0.0198 
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Fig. 5. [E,] vs. reaction time for optimum temperature profiles given in Figure 3. 

1057 

product reduces and this occurs a t  the cost of reduced conversion of Eg groups. 
Along with the fall in conversion, contents of E, and E, in the final product are 
also found to fall. The optimum temperature profiles have been calculated and 
are given in Figure 3. They are found to differ only slightly with the variation 
of a1 and suggest the use of high temperature (about 33OOC) initially, which 
should be gradually reduced as the time of polymerization increases. The con- 
tents of D, E,, and E, as a function of time of polymerization have been plotted 
in Figures 4,5,  and 6, respectively, for various values of a1. High temperature 
causes high rates of their production initially, but, as the temperature is reduced, 
their concentrations are found to stabilize out to an asymptotic value. As op- 
posed to this when an increasing temperature profile as suggested in eq. (5a) is 
used, Ravindranath and Mashelkar have shown that the production of D, E,, 
and E, accelerates near the end of the reactor. In reality, there are two ways by 
which high temperatures of 33OOC initially can be obtained. One could either 
use a high pressure or a high boiling point inert to suppress the flashing of BHET 
monomer. High pressure cannot be used because it is necessary that ethylene 
glycol formed be continuously removed. In the first stage of PET formation, 
it is a usual practice to use PET oligomers formed at  the end of the second stage 
as the high boiling point inert, and it is suggested that a similar scheme is adopted 
in the second stage to suppress the flashing of BHET and yet use high temper- 
atures of polymerization as suggested by our studies. 

The effect of variation of a2 is studied in Figure 7 and Table VI. As the value 
of a2 is increased from 0.001 to 100, the conversion is found to increase from a 
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I t 0.000315 

I: OQOO2 
z 

0.00012 

Time. hrs 

Fig. 6. [E,] vs. reaction time for optimum temperature profiles given in Figure 3. 

Fig. 7. Effect of a2 on the optimum temperature profile. Values of 012 for various curves are given 
in Table VI. 
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I b 0.5 1.0. 1.5 I 
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Time. hrs 

Fig. 8. Effect of a3 on the optimum temperature profile. Values of a3 for various curves are given 
in Table VII. 

low value of 15.1% to 90%, and a further increase in a2 does not increase this 
conversion. A similar trend of the formation of E,, E,, and D vs. reaction time 
is maintained as in Figures 4,5, and 6, but their final values are found to increase 
as seen in Table VI. The temperature profiles for various values of a2 have been 
plotted in Figure 7 and as in Figure 3, this also suggests the use of high temper- 
ature initially which should be lowered subsequently. 

As a3 is increased from 0.01 to 10,000, the final conversion (Table VII) is little 
affected for this variation. For the first five values of a3, the concentrations of 
the side products are found to increase. This occurs simply because the term 
a3 ( [E,I2 + [EVl2) is small, and the value of the objective function is determined 
by the first two terms in eq. (13). As a3 is increased beyond, conversion as well 
as concentrations of side products begin to fall. In Figure 8, the optimum tem- 
perature profiles have been plotted. The first five profiles are found to operate 
at  the upper limit of temperature initially presumably to obtain the desired chain 
length average pnd .  Once the p~nd is attained, the reactor temperature is allowed 
to fall to the lower limit where the polymerization reaction is essentially 
quenched. For the values of a3 when the conversion and concentrations of side 
products begin to fall, the optimization studies once again suggest the use of high 
temperatures initially, which must be lowered later on to reduce the formation 
of side products. 
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CONCLUSIONS 

Polycondensations step of the manufacture of PET from DMT has been op- 
timized using the vector iteration procedure suggested by Ray. The memory 
requirement has been reduced by approximating the temperature profile by 100 
piecewise continuous segments. 

Using a detailed kinetic scheme of the polycondensation step, mole balance 
equations for various functional groups for batch reactors have been written. 
An objective has been defined in which it is desired to achieve the desired mo- 
lecular weight of the polymer in the shortest time simultaneously minimizing 
the formation of side products. This objective function involves three weighting 
parameters a1, az, and as, and the optimum temperature profile is found to 
depend considerably on the values of these parameters. A systematic study of 
the effect of a1, az, and a3 on the optimum temperature profiles has been carried 
out in this work. 

The study suggests that a high temperature must be used initially and it should 
be lowered to minimize the formation of side products as the time of reaction 
increases. The high temperature initially in practice could cause flashing of 
BHET monomer, and this can be suppressed either by using high pressure or 
using inerts of high boiling point as a diluent. High pressure cansot be used 
because one must remove ethylene glycol continuously to drive the overall 
polymerization in the forward direction. If some of the higher oligomers formed 
a t  the end of the polycondensation reactors are mixed with the BHET feed, the 
flashing of BHET can be suppressed as well as high temperature of polymer- 
ization initially could be realized in reality. 
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